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Verbal problem definition

What are we talking about?

I Contact of two non rigid structural domains

I Arbitrarily formed contact surface

I Great deformations (and displacement)

I Solution with FE method

I Non conform discretization
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∫
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non-mortar Ω(1)

mortar Ω(2)

Figure: Continuous contact kinematics
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Boundary Value Problem

div(F(i)S(i)) + b̂
(i)
0 = 0 in Ω(i)

u(i) = û(i) on Γ
(i)
D

P(i)N(i) = t̂
(i)
0 on Γ

(i)
N

Contact traction t
(i)
C on γC (split formulation) in current configuration:

t
(i)
C = t

(i)
N n(i) + t

(i)
T s(i) t

(i)
N = t

(i)
C · n

(i) t
(i)
T = t

(i)
C · s

(i)

Karush-Kuhn-Tucker (KKT) conditions of normal contact:

g(X, t) ≥ 0

t
(1)
N ≤ 0

t
(1)
N g(X, t) = 0
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Variational Formulation

Weak formulation of BVP:

δΠ(u, δu) =
2∑

i=1

{∫

Ω(i)

[
δE(i) : S(i) − b̂

(i)
0 · δu

(i)
]
dΩ−

∫

Γ
(i)
N

t̂
(i)
0 · δu

(i)dΓ

}

δΠ(u, δu) =
2∑

i=1

{∫

Ω(i)

[
δE(i) : S(i) − b̂

(i)
0 · δu

(i)
]
dΩ

}

︸ ︷︷ ︸
δΠint(u,δu)

−
2∑

i=1

{∫

Γ
(i)
N

t̂
(i)
0 · δu

(i)dΓ

}

︸ ︷︷ ︸
δΠext(u,δu)
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Variant 1: (see [Puso, Laursen et al.])

δΠ(u, δu) = δΠint(u, δu)−
2∑

i=1

[∫

Γ
(i)
N

t̂
(i)
0 · δu

(i)dΓ

]

︸ ︷︷ ︸
δΠ̃ext(u,δu)

−
2∑

i=1

[∫

Γ
(i)
C

t
(i)
C ,0 · δu

(i)dΓ

]

︸ ︷︷ ︸
δΠC (u,δu)

with Γ
(i)
N ∩ Γ

(i)
C = ∅

and for equilibrium

t
(1)
C dγ(1)

C = −t
(2)
C dγ(2)

C with γ
(1)
C = γ

(2)
C = γC

further a weak form of the non-penetration condition is needed

0 ≤
∫

γ
(i)
C

δt
(1)
N g(X, t)dγC
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Variant 2: (see [Fischer, Wriggers])

Π̃C (u) =

∫

ΓC

t̂
(1)
N,0 g(X, t)dΓ

taking the variation

δΠ̃C (u, δu) =

∫

ΓC

t̂
(1)
N,0 δg(X, t)dΓ

0 ≤
∫

ΓC

δt̂
(1)
N,0 g(X, t)dΓ

we obtain

δΠ̃C (u, δu) =

∫

γC

t
(1)
N

(
δu(1) − δu(2)

)
· n(1)dγC

︸ ︷︷ ︸
δΠC (u,δu) already for split formulation

0 ≤
∫

γC

δt
(1)
N g(X, t)dγC

︸ ︷︷ ︸
weak KKT
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What are the results?

I We have a term δΠC which couples the two domains Ω(1) and Ω(2)

I We found a weak formulation for the non-penetration condition

I There are still some strong KKT conditions left! (active set strategy)

I How do we formulate the contact traction t
(1)
N ?

Contact pressure tN

I Penalty Method: t
(1)
N = εg(X, t) ⇒ Π̃C = 1

2

∫
ΓC
ε g(X, t)2dΓ

I Lagrange Method: t
(1)
N = −λN

I Augmented Lagrange Method (see [Laursen et al.])
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Discretization

We interpolate geometry and displacement field of slave and master surface

x(i) =

n(i)∑

k=1

Nk(ξ(i)(X(i))x
(i)
k

u(i) =

n(i)∑

k=1

Nk(ξ(i)(X(i))d
(i)
k

λ =

n(1)∑

j=1

Φj(X
(1))zj

constructed with biorthogonality condition
∫

γh
C

Φ
(1)
j (ξ(1))N

(1)
k (ξ(1))dγC = δjk

∫

γh
C

N
(1)
k (ξ(1))dγC
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n(1)∑

j=1

Φj(X
(1))zj

constructed with biorthogonality condition
∫

γh
C

Φ
(1)
j (ξ(1))N

(1)
k (ξ(1))dγC = δjk

∫

γh
C

N
(1)
k (ξ(1))dγC
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Graz University of Technology

Non steady normal field

In continuous spaces n(1) = −n(2) but not for discrete case

n(1)

ξ
(1)
GP

non-mortar Ω(1)

mortar Ω(2)

Figure: Non-mortar normal

n
(1)
j =

n
(1)
j1 + n

(1)
j2

‖n(1)
j1 + n

(1)
j2 ‖

n(1) =

n(1)∑

j=1

Nj(ξ
(1))n

(1)
j
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Non steady normal field

In continuous spaces n(1) = −n(2) but not for discrete case

n(2)

ξ
(1)
GP

non-mortar Ω(1)

mortar Ω(2)

Figure: Mortar normal
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Non steady normal field

In continuous spaces n(1) = −n(2) but not for discrete case

n(1)
n(1)

jn(1)
j+1

ξ
(1)
GP

non-mortar Ω(1)

mortar Ω(2)

Figure: Average normal
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Numerical integration

It’s common to integrate on the non-mortar surface

∫
γC

dξ

non-mortar Ω(1)

mortar Ω(2)

Figure: Integration on γC
(1)
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Numerical integration

It’s common to integrate on the non-mortar surface

n(1)
jn(1)

j+1

∫
γC

dξ

non-mortar Ω(1)

mortar Ω(2)

Figure: Concentrated integration (see [Wriggers et al.])
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Numerical integration

It’s common to integrate on the non-mortar surface

n(1)
jn(1)

j+1

∫
γC

dξ

non-mortar Ω(1)

mortar Ω(2)

Figure: Integration by clipping (see [Laursen et al.])
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Active Set Strategy

Let’s define an “averaged nodal gap” with the help of the weak KKT

−
∫

γC

δλN g(X, t)dγC ≥ 0

−
∫

γC

δλN n(1) ·
(
x(2) − x(1)

)
dγC ≥ 0

in discrete form:

g̃j = n(1) ·

[∫

γh
c

ΦjN
(2)
l dγh

Cx
(2)
l −

∫

γh
c

ΦjN
(1)
l dγh

Cx
(1)
l

]

Michael E. Hammer Mortar-Based Contact Formulation for Large Deformations GAMM 2010

13 / 16



Graz University of Technology

Active Set Strategy

Let’s define an “averaged nodal gap” with the help of the weak KKT

−
∫

γC

δλN g(X, t)dγC ≥ 0

−
∫

γC

δλN n(1) ·
(
x(2) − x(1)

)
dγC ≥ 0

in discrete form:

g̃j = n(1) ·

[∫

γh
c

ΦjN
(2)
l dγh

Cx
(2)
l −

∫

γh
c

ΦjN
(1)
l dγh

Cx
(1)
l

]

Michael E. Hammer Mortar-Based Contact Formulation for Large Deformations GAMM 2010

13 / 16



Graz University of Technology

Active Set Strategy

Let’s define an “averaged nodal gap” with the help of the weak KKT

−
∫

γC

δλN g(X, t)dγC ≥ 0

−
∫

γC

δλN n(1) ·
(
x(2) − x(1)

)
dγC ≥ 0

in discrete form:

g̃j = n(1) ·

[∫

γh
c

ΦjN
(2)
l dγh

Cx
(2)
l −

∫

γh
c

ΦjN
(1)
l dγh

Cx
(1)
l

]

Michael E. Hammer Mortar-Based Contact Formulation for Large Deformations GAMM 2010

13 / 16



Graz University of Technology

Active Set Strategy

The discrete form of the KKT

g̃j ≥ 0

(zn)j ≥ 0

(zn)j g̃j = 0
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Graz University of Technology

Active Set Strategy

The discrete form of the KKT

g̃j ≥ 0

(zn)j ≥ 0

(zn)j g̃j = 0

Fixed point Newton-Raphson algorithm (see [Fischer et al.])

p̃j = −
∫
γC

h N
(1)
j Φk dγh

C (λN)k∫
γC

h N
(1)
j dγh

C

After reaching convergence in Newton-Raphson check

I For active nodes: p̃j < 0 ⇒ Deactivate node

I For inactive nodes: g̃j < 0 ⇒ Activate node

Michael E. Hammer Mortar-Based Contact Formulation for Large Deformations GAMM 2010

14 / 16



Graz University of Technology

Active Set Strategy

The discrete form of the KKT

g̃j ≥ 0

p̃j ≥ 0

p̃j g̃j = 0

Fixed point Newton-Raphson algorithm (see [Fischer et al.])

p̃j = −
∫
γC

h N
(1)
j Φk dγh

C (λN)k∫
γC

h N
(1)
j dγh

C

After reaching convergence in Newton-Raphson check

I For active nodes: p̃j < 0 ⇒ Deactivate node

I For inactive nodes: g̃j < 0 ⇒ Activate node

Michael E. Hammer Mortar-Based Contact Formulation for Large Deformations GAMM 2010

14 / 16



Graz University of Technology

Active Set Strategy

The discrete form of the KKT

g̃j ≥ 0

p̃j ≥ 0

p̃j g̃j = 0

Fixed point Newton-Raphson algorithm (see [Fischer et al.])

p̃j = −
∫
γC

h N
(1)
j Φk dγh

C (λN)k∫
γC

h N
(1)
j dγh

C

After reaching convergence in Newton-Raphson check

I For active nodes: p̃j < 0 ⇒ Deactivate node

I For inactive nodes: g̃j < 0 ⇒ Activate node

Michael E. Hammer Mortar-Based Contact Formulation for Large Deformations GAMM 2010

14 / 16



Graz University of Technology

Active Set Strategy

The discrete form of the KKT

g̃j ≥ 0

(zn)j ≥ 0

(zn)j g̃j = 0

Semi smooth Newton-Raphson algorithm (see [Popp et al.])

Cj(tj ,d) = (zn)j −max(0, (zn)j − cn g̃j), cn > 0

Cj(tj ,d) = 0

After each iteration in Newton-Raphson check with new g̃j , (zn)j

I Active node: (zn)j − cn g̃j > 0

I Inactive node: (zn)j − cn g̃j ≤ 0
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Graz University of Technology

Conclusion

Already implemented variants

and planned variant

Penalty Mortar n Concentrated
∫

Fixed Point
Lagrange Mortar n Concentrated

∫
Fixed Point

Lagrange Average n Concentrated
∫

Fixed Point

Lagrange Average n Clipping
∫

Semi smooth Newton

I add friction

I thermo-mechanical coupled problems

I am looking forward to answer your questions!

Michael Hammer
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