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What are we talking about?

Contact of two non rigid structural domains

Arbitrarily formed contact surface

Solution with FE method

>
>
> Great deformations (and displacement)
>
>
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Boundary Value Problem

div(FS() + Béi) =0 in QM
ud = a0 on Fg)
PON® fg') on FS\',)
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Boundary Value Problem

div(FOSM) +B{) = 0 in Q0
u® = a®  on TP
POND = &) on ()

Contact traction t(é) on ¢ (split formulation) in current configuration:

¥ = tn@ 1 eDs@ () =) n ) =40 50
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Boundary Value Problem

div(FOSM) +B{) = 0 in Q0
u = a®  on W
POND = &) on ()

Contact traction t(é) on ¢ (split formulation) in current configuration:

¥ = tn@ 1 eDs@ () =) n ) =40 50

Karush-Kuhn-Tucker (KKT) conditions of normal contact:

g(X;t) > 0
(1)
t) < o
(1) -
ty'g(X,t) = 0
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Variational Formulation

Weak formulation of BVP:

2
5N(u, du) = 3 { /Q [oE 80 -0 5u| ag - / . 5u<f>dr}

i=1 M
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Variational Formulation

Weak formulation of BVP:

2

5N(u, du) = 3 { /Q [oE 80 -0 5u| ag - / . 5u<f>dr}

i=1 M

2

6MN(u, du) = Z {/ {5E(") () _ Bg) , 5u(")] dQ} _ Z / | Eg’) Csudr
-1 /o iz /T
Mt (u,du) OMext (u,0u)
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Variant 1: (see [Puso, Laursen et al.])

2 2
0T (u, 1) = 0T (1, ) — > / 0 suar| -3 / D sudr
. r(') £ r(,) 5
i=1 N i=1 c
M exe (u,0u) M (u,6u)
wh 1D A ()
with I/ N = 0
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0T (u, 1) = 0T (1, ) — > / 8. ouar| -3 / £ suldr
i1 LW il RARR
M exe (u,0u) M (u,6u)
with ) Al — ¢
on current configuration
& (1) (i)
_ 1 (i) i
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Variant 1: (see [Puso, Laursen et al.])

2
£() 5D _ (O ()
/r(i)to Su dl‘] Zl /rmtao Su dr]

N i=1 C

dM(u, éu) = 0M;pe(u, du) — 22: [

i=1

M exe (u,0u) M (u,6u)
with ) Al — ¢

on current configuration

2
oMNc(u,du) = — Z/m t(C') 05u(")dfyg)
—177

i=1 c
and for equilibrium

t(Cl)dv(Cl) = —t(CZ)d'yg) with 721) = V(Cz) ="c
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/r(i)to Su dr] Zl /rmtao Su dr]

N i=1 C

dM(u, éu) = 0M;pe(u, du) — 22: [

i=1

élzlext(u,zSu) 0Mc(u,du)
: () ~ () —
with T/ NEY =0
on current configuration and using balance of linear momentum

8N c(u,du) = —/ ). <5u<1> - 6u(2)>d’yc

e

and for equilibrium

t(Cl)dvg) = —t(c-z)d'y?) with 7&_-1) = 722) ="c
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Variant 1: (see [Puso, Laursen et al.])
2

2
SM(u, 6u) = 6Mine(u, u) = er & 6u<">dr] -3 er - 5u<f>dr]

i=1 N i=1 C

M exe (u,0u) M (u,6u)
with ) Al — ¢

on current configuration and using balance of linear momentum

oMNc(u,du) =

and for equilibrium

t(Cl)dv(Cl) = —t(CZ)d'yg) with 721) = V(Cz) ="c

further a weak form of the non-penetration condition is needed

0< [, ot (X )re
Ve
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Variant 2: (see [Fischer, Wriggers|)

e (u) = /r i) g(X, £)dr
C
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Variant 2: (see [Fischer, Wriggers|)

Fie(u) = / i) g(X, £)dr
C

taking the variation
5fc(u,6u) = / 2% 0g(X, t)dr
F'c

0 < [ sHhe(xoar
I'c
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Variant 2: (see [Fischer, Wriggers|)

taking the variation

5fc(u,6u) = /r%g,l}oég(x,t)dr
C

0 < / 5t g (X, t)dr
re
we obtain
6Mc(u,du) =
6M¢(u,su) already for split formulation
0 < 5t g(X, t)dye
e
weak KKT
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What are the results?

» We have a term ¢ which couples the two domains Q) and Q®

» We found a weak formulation for the non-penetration condition

> There are still some strong KKT conditions left! (active set strategy)

» How do we formulate the contact traction t,(\,l)?

Contact pressure ty

» Penalty Method: t,(Vl) =eg(X,t) = Mfc=1 fl'c eg(X,t)2dr
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What are the results?

» We have a term ¢ which couples the two domains Q) and Q®

» We found a weak formulation for the non-penetration condition

> There are still some strong KKT conditions left! (active set strategy)

» How do we formulate the contact traction t,(\,l)?

Contact pressure ty
> Penalty Method: t\) =cg(X,t) = flc= 3 Jr cg(X, t)2dr

» Lagrange Method: t,(\,l) =—AN
» Augmented Lagrange Method (see [Laursen et al.])
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Discretization

We interpolate geometry and displacement field of slave and master surface

(i)

(i) — (D (X))
X = Ni (€7 (X7)xy
k=1
nGi)
i) _ i i (’)
ul) = Nk(f( )(x( ))dk
k=1
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Discretization

We interpolate geometry and displacement field of slave and master surface

n(i)
<) — Z Nk(§(i)(X(i))x§(')

k=1
nG)

ud = Z Nk(g(')(x('))di’)
k=1

also the Lagrange multiplier with dual shape functions

(1)
1
A=) 0i(XW)z
Jj=1
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Discretization

We interpolate geometry and displacement field of slave and master surface

()
<) — Z Nk(§(i)(X(i))x§(')

k=1
(i)

u =37 N0 (X))
kf

also the Lagrange multiplier with

W
A=) 0(XM)z
j=1
constructed with biorthogonality condition

/ oW (EMIND (D) e = 5 / NO(ED )
’

c ’Y
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Non steady normal field

In continuous spaces n(Y) = —n(® but not for discrete case

mortar Q3

\
\
\

e

(1)
GP

non-mortar Q1)

Figure: Non-mortar normal
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Non steady normal field

In continuous spaces n(Y) = —n(® but not for discrete case

mortar Q3

n®

!

(1)
GP

non-mortar Q1)

Figure: Mortar normal
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Non steady normal field

In continuous spaces n(Y) = —n(® but not for discrete case

mortar Q3

(1)
GP

non-mortar Q1)

Figure: Average normal

(1) (1) )
n:;’ +n i
(1y _ "t (1) e
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Numerical integration

It's common to integrate on the non-mortar surface

mortar Q2

-
[ d¢
Yc

non-mortar Q)

Figure: Integration on 'yc(l)
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Numerical integration

It's common to integrate on the non-mortar surface

mortar Q3

J d¢
gl

non-mortar Q)

Figure: Concentrated integration (see [Wriggers et al.])
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Numerical integration

It's common to integrate on the non-mortar surface

mortar Q3

J d¢
gl

non-mortar Q)

Figure: Integration by clipping (see [Laursen et al.])
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Active Set Strategy
Let's define an “averaged nodal gap” with the help of the weak KKT

— oAng(X,t)dye > 0

yc
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Active Set Strategy

Let's define an “averaged nodal gap” with the help of the weak KKT

— | ddvg(X,t)dye > O
e
_ / SAyn® . (x(z) _ x(l)) dye > 0
e
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Active Set Strategy
Let's define an “averaged nodal gap” with the help of the weak KKT

— [ oAvg(X, t)dyc

yc

_ / SAyn® . (x(z) _ x(l)) dye
Yc

Y
o

v
()

in discrete form:

& =n). l / O NPdyex? - / h ¢,-N,“)dvéx§”]
. Ve

c
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Active Set Strategy

The discrete form of the KKT

g =
(@), >
n J il
(2n) ; &)
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Active Set Strategy

The discrete form of the KKT

g§ = 0
(zﬂ)j > 0
(zn)jgj =0

Fixed point Newton-Raphson algorithm (see [Fischer et al.])

J o N drl (W),
1
fvc” NJ( )d’yg

pi=-
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Active Set Strategy

The discrete form of the KKT

g§ = 0
B > 0
pigg = 0

Fixed point Newton-Raphson algorithm (see [Fischer et al.])

Joon NOO Ayl (),
B 1
fvc” NJ( )d’yg

P =
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Active Set Strategy

The discrete form of the KKT

g§ = 0
B > 0
pigg = 0

Fixed point Newton-Raphson algorithm (see [Fischer et al.])

Joon NOO Ayl (),
B 1
fvc” NJ( )d’yg

P =

After reaching convergence in Newton-Raphson check

> For active nodes: p; < 0 = Deactivate node
» For inactive nodes: g; < 0 = Activate node
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Active Set Strategy

The discrete form of the KKT
g
(zﬂ)j
(zn)jgj
Semi smooth Newton-Raphson algorithm (see [Popp et al.])

(AVARIV}

G(tj,d) = (z5); —max(0,(z,); — cn &), ¢ >0
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Active Set Strategy

The discrete form of the KKT
g
(Zﬂ)j
(zn)jgj
Semi smooth Newton-Raphson algorithm (see [Popp et al.])

(AVARIV}

G(tj,d) = (z5); —max(0,(z,); — cn &), ¢ >0
Cj(tjvd) =0

After each iteration in Newton-Raphson check with new &j, (z,);

> Active node: (z,); — ¢, & >0
> Inactive node: (z,); — ¢, & <0
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Conclusion

Already implemented variants

Penalty Mortar n | Concentrated | | Fixed Point
Lagrange | Mortar n Concentrated f Fixed Point
Lagrange | Average n | Concentrated [ | Fixed Point
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Graz University of Technology

Conclusion

Already implemented variants and planned variant

Penalty Mortar n | Concentrated | | Fixed Point
Lagrange | Mortar n Concentrated f Fixed Point
Lagrange | Average n | Concentrated [ | Fixed Point
Lagrange | Average n | Clipping | Semi smooth Newton

» add friction

» thermo-mechanical coupled problems
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Graz University of Technology

Conclusion

Already implemented variants

Penalty

Lagrange
Lagrange
Lagrange

Mortar n Concentrated f Fixed Point
Mortar n Concentrated f Fixed Point
Average n | Concentrated [ | Fixed Point
Average n

| am looking forward to answer your questions!

Michael Hammer
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